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Numerical Investigation of Vibrational Nonequilibrium Effects
in Hydrogen– Oxygen Rocket Engines

Richard A. Jones,* Leik N. Myrabo,† and Henry T. Nagamatsu‡
Rensselaer Polytechnic Institute, Troy, New York 12180

A computational method has been developed to simulate gas nozzle � ows expanding in vibrational
nonequilibrium. Comparisons of the effect of nonequilibrium on � ow� eld variables are made with avail-
able experimental data. Several experimental investigations of expanding nitrogen � ow� elds are simulated
and compared. Signi� cant changes in the properties of � ow� elds with a large degree of nonequilibrium
are predicted. Nonequilibrium velocities in excess of the equilibrium values are predicted for the initial
expansion process. Vibrational nonequilibrium in oxidizer-rich core � ows of hydrogen– oxygen rocket
engines is then investigated computationally. Vibrational relaxation rate data of oxygen in combustion
product gases are obtained from experimental data, empirical correlations, and extensions of available
theory. Nonequilibrium � ow� eld effects are computed and shown to be minor in terms of performance
losses caused by relatively rapid vibrational relaxation of oxygen in the product gas mix. Temperature
measurements based upon vibrational population are subject to signi� cant error, however. Uncertainty
in the relaxation rate of oxygen in water vapor leads to large ranges in computational results.

Nomenclature
cp = speci� c heat
E = energy
H = enthalpy
h = Planck constant
k = Boltzmann constant
N = Avogadro constant
p = pressure
Q = heat
R = universal gas constant
s = entropy
T = temperature
U = velocity

= characteristic molecular temperature
= reduced oscillator mass
= molecular vibrational frequency
= relaxation time constant
= ratio between compression and expansion relaxation

times
= mole fraction

Subscripts
TR = translation– rotation
V = vibration
0 = stagnation value

Introduction

T HE presence of thermal nonequilibrium in hydrogen– ox-
ygen advanced propulsion systems has been suggested in

the past as a possible source of inef� ciency. The use of vibra-
tional temperature measurements1 for comparison with com-
putational � uid dynamic results also necessitates knowledge of
the vibrational energy content of the gas relative to an equi-
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librium state. Herein, the effect of vibrational nonequilibrium
on the properties of an expanding gas is modeled. Expanding
nitrogen � ow� elds are investigated because of the availability
of experimental data in the form of static pressures and vibra-
tional temperatures. Extensions are then made to the combus-
tion product gas mixture of interest.

Low-thrust hydrogen– oxygen rocket engines frequently
combine an oxidizer-rich core with a cooling hydrogen layer
� owing along the walls. The core products thus consist mainly
of water vapor and oxygen. Molecular oxygen is known to
relax relatively slowly in the vibrational modes, raising the
possibility of nonequilibrium expansion and inef� ciency. Vi-
brational nonequilibrium would also affect the utility of vibra-
tional population measurements obtained as veri� cation data
for computational efforts. Two chambers of interest are ex-
amined here: 1) a rectangular chamber that is being tested
experimentally under a parallel program and 2) a 30-deg axi-
symmetric rocket nozzle representative of actual thrusters.

The enthalpy of a gas may be divided into vibrational, ro-
tational, and translational contributions. Expressions for the
energy stored in each mode are, for diatomic molecules,2

5–H = RT (1)2

H = RT (2)

1H = Nh [exp(h /kT ) 1] (3)

for the translational, rotational, and vibrational modes, respec-
tively. Referencing computed values to 298.15 K yields the
familiar total enthalpy as a function of temperature. For nitro-
gen at a temperature of 3000 K, the fraction of total internal
energy given by translational, rotational, and vibrational com-
ponents is 61, 24, and 15%, respectively. The question of in-
terest here is whether a gas initially at high temperature and
expanding to a low temperature will exhibit signi� cantly al-
tered � ow� eld properties if the evolving internal energy does
not follow the equilibrium distribution speci� ed in Eqs. (1–

3); that is, if the three represented temperatures are not equal.
Two examples of where such a situation might arise are hy-
personic testing utilizing shock tunnels and rocket nozzle � ow-
� elds.
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Both rotational and translational relaxation occur very rap-
idly, typically requiring only 1– 10 collisions per molecule to
equilibrate energy levels inconsistent with the overall thermal
energy content. Vibrational relaxation, however, can require
from 103 to 108 collisions.3 Rotational and translational non-
equilibrium are typically observed in very low-density � ows.
Such � ows are typically treated through Monte Carlo methods,
as in Chung et al.4 This investigation focuses upon the inter-
mediate range between those very rari� ed � ows and equilib-
rium conditions. Flows are assumed to have equilibrium be-
tween rotational and translational modes with the possibility
of signi� cantly nonequilibrium vibrational energy.

Vibrational Relaxation
Energy equilibration occurs principally through collisions

between molecules for the conditions of interest here. The dif-
ference in rate between vibrational and rotational or transla-
tional relaxation lies in the probability of energy transfer per
collision. For rotational energy, the quanta of energy involved
are quite small, and so transfer is greatly facilitated. Vibra-
tional energy quanta are much larger in general, and only the
more energetic collisions are capable of transferring energy
between this mode and translational energy. As a result, the
time scales involved are much longer, and may be comparable
with � ow� eld time scales under certain conditions. For certain
gases, energy transfer may occur through vibrational and ro-
tational modes as well, which can result in more ef� cient re-
laxation.

The probability of transfer of vibrational energy per collision
is a function of the molecule of interest, the collision partner,
and conditions of collision. Vibrational relaxation was studied
in the early 1900s in studies of sound propagation and atten-
uation.5,6 In the sixties, the initiation of high-enthalpy � ight
reintroduced the topic.7,8 The seventies, with the advent of the
gasdynamic laser, brought increased studies9,10 focusing on
more complex gas mixtures typical of lasing media. More re-
cently, the high-enthalpy � ows of future vehicles have ex-
tended interest to temperatures of 40,000 K.11– 13 The work
presented herein is tailored to current chemical propulsion sys-
tems and deals with a lower temperature range, up through a
few thousand Kelvin.

Following the establishment of a considerable database of
relaxation times in compression � ows, typically obtained
through shock-tube experiments, investigations into the relax-
ation rates in expansion � ows revealed discrepancies between
the two systems.14 Expansion � ows were frequently observed
to relax much more quickly than compression � ows. Further
complicating the issue was a wide range in reported relaxation
times in expansion. Some theoretical works15,16 attributed the
more rapid relaxation to anharmonic effects, while the effect
of impurities was suggested as another factor.17 Anharmonic
effects are turned to advantage in the generation of vibrational
population inversions for gasdynamic lasers.9 A discussion of
the relationship between anharmonic effects and vibrational
relaxation rate is beyond the scope of this article. It is suf� cient
to note that generically, the presence of anharmonicities tends
to result in more rapid relaxation. The discrepancy between
compression and expansion relaxation times is usually handled
through the introduction of a ratio between the two, as in

= / (4)compression expansion

The present work utilizes this scheme as well for comparisons
with experimental data from expanding nitrogen � ow� elds.
While the probable source and magnitude of and its effects
are mentioned, the focus of the investigation is the effect of
vibrational nonequilibrium upon the � ow properties of pres-
sure, temperature, density, and velocity.

Nitrogen Vibrational Relaxation Time

Millikan and White18 compiled relaxation rate data and de-
veloped an empirical expression relating subject and bath mol-

ecule, local temperature (Kelvin) and pressure (atmospheres),
and relaxation time as

4 1/2 4/3log (p ) = 5 1010

1/3 1/4(T 0.015 ) 8.0 (5)

which is valid for systems wherein vibrational– translational
energy transfer is the dominant mechanism. For investigations
in nitrogen with nitrogen as the bath molecule, the reduced
mass is = 14, and the characteristic temperature of vibration
is = 3395 K. The rate of vibrational energy change is then
given by the well-known formula developed by Landau and
Teller19 as

dE E (equilibrium) EV V V
= (6)

d t

using as described by various correlations.

Oxygen Vibrational Relaxation Time

The rectangular diagnostic rocket chamber is � lm cooled by
hydrogen � owing along the upper and lower walls. Typically,
75% of the total hydrogen � ow is directed to the � lm cooling.
The remainder is injected along with the total oxygen mass
� ow in the core. A typical test has a core � ow mass ratio (MR)
of 32, an overall MR = 8, and a chamber pressure of approx-
imately 40 psia. Experimental data abound for as a function
of local temperature and pressure for various gases. Relaxation
rates are highly dependent upon the collision partner, or bath
molecule. Experimental data have been located for the relax-
ation rate of molecular oxygen in three of the bath molecules
of interest, namely O2, O, and H2. Little data have been found
for de-excitation resulting from collisions with H2O, OH, or
H. A summary of the experimental data available for appro-
priate species is now presented, as well as application or ex-
tension of existing theoretical frameworks to those bath mol-
ecules where little or no data are available.

O2– O 2

Pure molecular oxygen has been investigated in shock-tube
studies, as presented by various authors and compiled by Mil-
likan and White.18 Their result, presented in Eq. (5), is utilized
for oxygen with = 16 and = 2239 K.

O2– O

Kiefer and Lutz20 studied O2 relaxation in atomic oxygen
through shock-wave decomposition of ozone, and found that
for a temperature range of 1600– 3300 K

8 12p = 4.35 10 (7.75 10 )T (7)

where again p is in atmospheres, T is in Kelvin, and is in
seconds. The relaxation times given by this empirical � t are
two orders of magnitude shorter than those typical of trans-
lational– vibrational processes.

O2– H 2

Data for molecular hydrogen bath relaxation of oxygen were
compiled by Millikan and White18 for shock-tube � ows. Their
formula as shown in Eq. (5) can be applied with = 2239 K
and = 1.88, yielding relaxation times from one to three or-
ders of magnitude faster than molecular oxygen bath relaxation
at relevant temperatures. The high-energy transfer probability
results from collisions of oxygen with hydrogen molecules of
high thermal velocity.

Theoretical Extensions for Relaxation Rates

Existing analytical results for transfer of vibrational energy
through translational, vibrational, and rotational modes were
extended in development of relaxation time constants for ox-
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Fig. 1 O2 relaxation times in H2– O 2 combustion product gases.

ygen in the remaining bath molecules. Each bath specie was
examined in the context of energy transfer through each ap-
plicable mechanism.

O2– H 2O

Water vapor is the dominant combustion product and pre-
sents the most dif� culty in determination of relaxation time.
The available experimental data for oxygen in a water vapor
bath is limited. Knudsen,5 Kneser,6 and Knudsen21 present ex-
perimental investigations and analyses of the effect of water
vapor on the absorption of sound in oxygen and air with in-
terpretation in terms of vibrational relaxation ef� ciencies. Cot-
trell and McCoubrey22 conclude that the ratio of transition
probabilities for oxygen– water collisions to oxygen– oxygen
collisions is approximately 21,000 based on this work. How-
ever, extrapolation of their low H2O concentration data to the
mole fractions of interest in the current investigation leads to
unrealistic results. Jones et al.23 present analyses of oxygen
relaxation in water vapor based upon the transfer of energy
between oxygen vibrational energy and the translational, vi-
brational, and rotational modes of H2O, and develop the cor-
responding analyses for nitrogen in parallel. Vibrational– vi-
brational energy transfer was found to be the most ef� cient
path for relaxation in the nearly resonant O2– H 2O system,
leading to relaxation times of the order of 10 7 s at a pressure
of 1 atm. The relaxation time was modeled after the theory of
Refs. 24– 26 with the result of

7 0.5 0.5 24.5 10 [exp(2.7 T ) exp( 2.7 T )]
p =

T[1 exp[( 2239)/T ]]
(8)

where T is local translational– rotational temperature in Kelvin
and p is in atmospheres.

O2– OH

No data has been found for oxygen relaxation in a hydroxyl
bath. This combustion radical is predicted to be present in
signi� cant quantity through an equilibrium CETPC27 analysis.
On a vibrational to translational energy transfer basis, the the-
ory of Millikan and White18 can be applied with = 11.10.
Equation (5) is applied as shown previously, again with =
2239 K, oxygen being the oscillator of interest. The funda-
mental vibration of OH is at 3735 wave numbers, quite far
from the second harmonic of oxygen at 3160 cm 1, and so
vibrational– vibrational energy transfer is expected to be less
ef� cient than in the O2– H 2O case. This expectation is ful� lled
when vibrational– vibrational transfer is calculated through
Rapp et al.24– 26 with deduced rates comparable to those re-
sulting from V– T transfer. Application of Moore’s 28 ro-
tational– translational energy transfer theory to the O 2– OH
system results in relaxation times from one to two orders of
magnitude shorter than those resulting from either trans-
lational– vibrational transfer or vibrational– vibrational theory.
Therefore, R– V transfer is assumed to be the responsible
mechanism for relaxation, with a rate represented by

13 2/3 1/3p = [1.76 10 T exp( 120 T )

1exp(1140/T ) [1 exp( 2239/T )]] (9)

where T is again TTR in Kelvin.

O2– H

For atomic hydrogen baths, no experimental data have been
found. However, no rotational or vibrational transfer mecha-
nisms exist. In the absence of evidence to the contrary, it is
assumed that no unusually rapid mechanism such as that
operative in the case of O2– O exists. Thus, Millikan and
White’s18 V– T energy transfer formula is applied with a re-

duced mass of = 0.97. The extremely low reduced mass
results in a rapid relaxation rate for a V– T mechanism.

Overall Relaxation Rate

Relaxation times for each bath component are graphically
summarized in Fig. 1. The equilibration times vary over orders
of magnitude, with all other species providing much more ef-
� cient relaxation paths to oxygen molecules than oxygen itself.
The various time constants are weighted according to the for-
mula22

n
1 i

= (10)
p (p )ii=1

The presence of bath species other than oxygen results in rapid
relaxation relative to that of pure O2. The impact of the un-
certainty in relaxation time will be examined in the results
section. The importance of accounting for each species is also
addressed. Results are presented for a range of mixture ratios
through application of Eq. (10) to an equilibrium combustion
product mix.

Numerical Method

Nozzle throat pressure, temperature, and gas molecular
weight are estimated from speci� ed reservoir properties with
the NASA Lewis CETPC code.27 Computation with the time-
marching scheme begins with an estimated translational– ro-
tational temperature equal to that of the previous time step.
Vibrational energy, � ow velocity, and density are then com-
puted. A ratio of two pressure computations is utilized along
with a convergence criterion to iterate translational tempera-
ture. One value is provided by the equation of state. The sec-
ond may be computed either from an integration of the entropy
change of the � ow� eld or through conservation of momentum.
Computational schemes for both entropy change and momen-
tum conservation were developed, with the entropy method
found to be more practical.

Some results to be presented are compared to previous nu-
merical work based on the analysis of Stollery and Smith.29

They presented a numerical method to determine vibrational
temperature evolution in a nozzle � ow. However, they were
not interested in the impact of vibrational nonequilibrium on
other � ow variables, and so developed a simple method of
estimating the vibrational temperatures only. Their analysis
showed the effect of other � ow variables on vibrational tem-
perature evolution to be minor, and so they did not compute
nonequilibrium � ow properties. The emphasis in this work is
the effect of vibrational nonequilibrium on � ow� eld properties.

Nozzle � ow is computed through a quasi-one-dimensional
inviscid � ow� eld expansion beginning at the throat. The � ow
is assumed to expand in equilibrium until a Mach number of
1.04 is reached. This is necessary to avoid a change in sonic
conditions in the throat region because of energy removal. This
delayed onset of nonequilibrium results in negligible differ-
ences in the overall energy removed and subsequent effect on
the � ow� eld. Vibrational energy in excess of the equilibrium
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Fig. 2 Nondimensional static pressures8 and current computa-
tions; N2, P0 = 100 psia.

value represent energy that, under equilibrium conditions,
would be distributed to translational and rotational modes. This
excess vibrational energy is effectively a loss of internal en-
ergy. As such, nonequilibrium is handled through modeling the
excess energy over the equilibrium value as energy removed
from the � ow in a nonadiabatic expansion. Vibrational relax-
ation times are calculated locally as the computation pro-
gresses down the nozzle, based on local translational temper-
ature and static pressure.

A nozzle � ow computation begins with calculation of the
vibrational energy through the evolution described in Eq. (6).
The equilibrium enthalpy corresponding to the current trans-
lational temperature estimate is found through use of the
NASA empirical data � ts of McBride et al.30 The vibrational
energy corresponding to the translational temperature is com-
puted from Eq. (3). The effective energy loss of the � ow is
the amount of excess vibrational energy over this translational
temperature value. Velocity can be obtained from the total en-
thalpy, the equilibrium value corresponding to local translation
temperature, and the excess vibrational energy through

1/2U = [[ H H (E E )] 2] (11)i 1 total TR,i 1 V, j 1 V,TR, j 1

Streamwise distance traveled in the previous time step is given
by the product of the velocity and time-step size; nozzle area
is calculated from the contour as a function of axial distance.
The area, velocity, and mass � ow rate are then used to arrive
at � ow density.

Pressure is � rst computed from the equation of state utilizing
the translational temperature of the molecules. Translational
temperature is used because of the origin of pressure in the
thermal motion of molecules. A second pressure computation
is obtained through integration of the expression

dT dp
ds = c R (12)p

T p

The only restriction placed on the validity of this expression
is that the gas is thermally perfect; that is, the gas can be
modeled by the equation of state used previously in compu-
tation of pressure. It is valid for calorically imperfect gases,
necessary for this application because of the variation of spe-
ci� c heat with temperature. The cp used in the previous ex-
pression is the equilibrium value corresponding to the gas
translational temperature. The equilibrium value is used be-
cause the excess vibrational energy is modeled as heat re-
moved from an equilibrium gas at TTR with a corresponding
equilibrium vibrational energy. The speci� c heat as a function
of temperature is provided by McBride et al.30

Entropy increase is computed through

dQ
ds = (13)

T

where dQ is the increase in excess energy remaining in the
vibrational modes from the previous time step. The integration
is performed stepwise and summed as the � ow calculation pro-
gresses down the nozzle. A ratio of the two expressions for
pressure as a function of the estimated temperature is utilized
with a Newton– Raphson root-solving method used to arrive
at a new translational temperature estimate. Iteration is per-
formed until the ratio of the two pressures is within 10 5 of
unity, and the solution is marched forward in time. Simulations
typically require a few minutes of desktop computer time, de-
pending upon the nozzle length and gas velocity.

Results
Equilibrium Expansion Veri� cation

A computation was � rst performed for air in vibrational
equilibrium, in the ideal gas limit with a speci� c heat ratio

equal to 1.4. Results were compared with the NACA 1135
tabulation31 for expansion from a nozzle throat to an area ratio
of 144. Static pressure, static temperature, and density ratios
all agreed with the tabulated data, providing con� rmation of
equation formulation in the equilibrium limit, where relaxation
proceeds extremely rapidly. A similar investigation was con-
ducted for expansion of combustion gases with frozen chem-
istry and near vibrational equilibrium through comparisons
with the NASA Lewis CETPC code27 operated in rocket nozzle
mode. This investigation also con� rmed the validity of the
code for adiabatic expansions as well as the modeling of the
product gas mixture properties.

Nonequilibrium Nitrogen

Data for comparison of computational and experimental
nonequilibrium gas pressures were obtained from the experi-
mental investigations of Nagamatsu and Sheer.8 Nitrogen and
air were expanded in a hypersonic shock tunnel through a 30-
deg included angle conical nozzle with reservoir pressures of
100, 200, and 500 psia. The stagnation temperature range was
approximately 2000– 7000 K. The experimental data presented
consist of static pressure measurements taken at an area ratio
of 144. For the computations presented herein, only diatomic
nitrogen was modeled; as such, computations were only per-
formed up to a temperature of 5500 K, where dissociation
begins to become signi� cant. The experimental test gas did
contain an unspeci� ed level of moisture, introducing uncer-
tainty into the relaxation time of the gas.

Shown in Fig. 2 is an example of the experimental data of
Nagamatsu and Sheer8 at a stagnation pressure of 100 psia. As
a check on the code formulation, fully frozen and equilibrium
computations were performed, and the results compared with
the published analytical results of Nagamatsu and Sheer,8 with
good agreement. The lines on Fig. 2 represent computations
performed with varying values of . Increasing values of
correspond to more equilibrium expansions, and hence, higher
static pressures. The data indicate that vibrational relaxation
proceeded at a rate far above that found for the compression
case, i.e., >> 1 for these expansions. The values deduced
are actually far above those observed in other experimental
investigations.14 Notably, a large effect of vibrational non-
equilibrium on static pressure is observed experimentally and
is reproduced computationally. Nonequilibrium lowers the
available energy of the � ow, decreasing static pressure from
the adiabatic, isentropic limit.

There are two likely sources for the decrease in relaxation
time, or more equilibrium nature, of the experimental expan-
sions from that predicted by established compression relaxa-
tion rate data. Anharmonicities and impurities are both capable
of causing this decrease. Various investigations have been
made into the effect of water vapor on nitrogen relaxation
times.5,22,32,33 Huber and Kantrowitz32 obtained experimental
data showing an order of magnitude decrease in relaxation
time for nitrogen with water vapor concentrations of 1%.
Russo33 found that a concentration of 0.1% resulted in a no-
ticeable decrease in relaxation time. Knudsen,5 however, con-
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Fig. 4 Translational– rotational temperature, static pressure, and
velocity as a function of ; AR = 32.

Fig. 3 Vibrational and translational– rotational temperatures as
a function of .

cluded that humidity has no effect on the relaxation rate of
nitrogen. The review by Cottrell and McCoubrey22 shows the
majority of the available data agreeing on the signi� cant effect
of water vapor presence on nitrogen vibrational relaxation.
Based on the work of Huber and Kantrowitz32 and Cottrell and
McCoubrey22 a vapor concentration of the order of 2% is re-
quired to reduce the nitrogen relaxation time by a factor of 50.
With the much higher values of indicated here, it appears
that a mechanism other than that of water vapor contamination
may be responsible. In light of the extremely rapid expansion
conditions, it is possible that anharmonic effects15,16 also come
into play in the highly nonequilibrium � ow observed.

A second source of nonequilibrium nitrogen expansion data
are temperature measurements by Hurle et al.34 Line reversal
techniques were utilized in a 15-deg included angle nozzle
expansion to measure vibrational temperatures. A shock tube
was used to generate the reservoir conditions in a manner sim-
ilar to the method of Nagamatsu et al.7,8 The primary conclu-
sion drawn by Hurle et al.34 was that nitrogen relaxation in the
� ow� eld proceeded with a rate 15 times that present in com-
pression � ows. Their computational work was based upon that
of Stollery and Smith.29 Using a parabolic throat geometry as
an approximation for the unspeci� ed initial nozzle contour and
a 15-deg included angle conical nozzle, numerical solutions to
Hurle et al.’s34 experiments were obtained.

Comparisons with the experimental data indicate a value for
of 70 at AR = 8, and 140 at AR = 32.35 The discrepancy

between this result and Hurle et al.’s34 quoted value of = 15
is because of differences between the compression relaxation
rate data used. Regardless of the shock wave relaxation data
used, it is clear that relaxation rates more rapid than those
observed in compression � ows are observed in both the data
of Nagamatsu and Sheer8 and Hurle et al.34 The striking tem-
perature dependence displayed in the data of Nagamatsu et al.8

was not observed. Hurle et al.34 concluded that the observed
rapid relaxation was not caused by the presence of impurities
or experimental error.

A recent series of papers36– 38 has reported on the utilization
of spontaneous Raman spectroscopy in an investigation of ni-
trogen vibrational relaxation in nozzle � ows generated by a
shock tunnel. The conclusion reached by these investigators
was that has a value very close to 1; that is, nitrogen relaxes
at nearly the same rate whether in an expansion or compression
� ow. Their stagnation conditions were a pressure of 102 atm
and a temperature of 2800 K. Computations with values
between 1– 5 bracket the experimental data. The extremely
rapid de-excitation observed by Nagamatsu et al.7,8 and Hurle34

is not observed here. These measurements were made at small
area ratios of approximately 3 and 5.5.

A limitation of the computational results discussed is the
assignment of one effective value applied throughout the
expansion. It is notable that among the data modeled, those
obtained at larger area ratios required correspondingly larger
effective values for simulation. The computation of
exchange rates throughout the expansion process, as in Bray,15

Treanor et al.,16 and Sharma et al.,36 for example, is indicated
to be more physically correct than assumption of a value of

, as pointed out by Gillespie et al.37 Unfortunately, a solution
of vibrational exchange equations is more computationally in-
tensive. The qualitative agreement presented previously pro-
vides con� dence in the mathematical formulation of the non-
equilibrium thermodynamics. Flow� eld effects as a function
of degree of nonequilibrium for expanding nitrogen are now
discussed, followed by extension to hydrogen– oxygen com-
bustion products.

Effect of Initial Nozzle Contour

A brief investigation into the importance of the initial nozzle
contour was conducted for the 15-deg nozzle of Hurle et al.34

because of the unspeci� ed throat contour. Differences in vi-
brational temperature between an assumed parabolic contour

and a strictly conical nozzle were found to be minor for the
conditions simulated, and no signi� cant differences in � ow
properties were observed. However, in general, initial nozzle
contour can affect the � ow� eld downstream. There are three
possible � ow regimes: 1) severe initial nonequilibrium, where
the energy removed is signi� cant regardless of initial contour;
2) near equilibrium � ow, where suf� cient collisions occur re-
gardless of the initial expansion rate; and 3) nonequilibrium
between the above two limits, where a smooth contour allows
near-equilibrium expansion, but a sharp initial expansion re-
sults in signi� cant energy removal. The characteristics exhib-
ited by a particular � ow� eld depend upon nozzle contour, col-
lision frequency, and transition probability.

Flow� eld Effect of Nonequilibrium

The effect of relaxation time on the expansion of nitrogen
in a 30-deg included angle conical nozzle with a parabolic
throat was studied to observe changes in � ow� eld character-
istics for conditions ranging from equilibrium to vibrationally
frozen. The experimental results of Nagamatsu and Sheer8 in-
dicate a signi� cant effect of vibrational nonequilibrium upon
static pressure. The numerical results presented indicate non-
negligible � ow� eld effects as well. To investigate further, stag-
nation conditions representative of the small rocket engines of
interest were chosen, with a reservoir pressure and temperature
of 40 psia and 3000 K. To investigate the effect of the degree
of nonequilibrium, was varied from 1 to 107, correspond-
ing to � ows ranging from fully frozen to nearly equilibrium.
Results are presented for nitrogen expanding to an area ratio
of 32 in Figs. 3 and 4. Figure 3 displays vibrational and
translational– rotational temperatures as a function of , useful
in visualization of the degree of nonequilibrium in a � ow� eld.
For between 1– 10, the � ow is essentially frozen at the
throat condition. As approaches 107, the � ow is nearly in
equilibrium, and the temperatures approach one another. The
variation in TTR is much smaller than that in TV because of a
relatively small change in energy. Figure 4 displays the effect
of nonequilibrium on translational– rotational temperature,
pressure, and velocity at an area ratio of 32. Values are pre-
sented as a percentage of the equilibrium value, again as a
function of . Highly nonequilibrium � ows exhibit large drops
in static pressure and temperature, of the order of 25% for this
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Fig. 7 Temperature, pressure, density, and velocity as percent of
equilibrium in conical nozzle.

Fig. 6 Discrepancy between vibrational and translational tem-
peratures in conical nozzle.

Fig. 5 Effect of order of magnitude change in relaxation time on
temperature discrepancy.

condition. Note that the temperature and pressure, for a given
degree of nonequilibrium, exhibit nearly the same decrease. As
such, the density effects are expected to be small in compari-
son. Since temperatures are low relative to pressures, an in-
crease in nonequilibrium density is indicated, which is dem-
onstrated by the decrease in velocity. As indicated by the small
difference between the temperature and pressure losses, the
magnitude is smaller, with a maximum loss of approximately
3.5% in exit velocity.

An interesting result is obtained in the beginning portion of
the nozzle expansion, where velocity is observed to increase
relative to an equilibrium expansion. This result is consistent
with a nonadiabatic cooling pipe � ow of a supersonic gas,
where velocity is expected to increase, while temperature, den-
sity, and pressure decrease. As the gas progresses down the
nozzle, the expansion converts internal energy to kinetic en-
ergy. The decreased availability of internal energy because of
nonequilibrium results in lower kinetic energy, and the � ow
velocity is less than in the equilibrium case.

H2– O 2 Rocket Rectangular Diagnostic Chamber

Using the previous relaxation times for molecular oxygen,
the nonequilibrium � ow� eld was computed for the diagnostic
chamber of interest, which will be referred to as the rectan-
gular chamber throughout this text. The combustion chamber
is square in cross section, 2.54 cm on each side. The sidewalls
are parallel throughout the rocket. Following a 5.08-cm-long
straight section, the upper and lower walls converge with a 30-
deg half-angle to a throat height of 0.635 cm. The upper and
lower walls then diverge with a 15-deg half-angle to an exit
area ratio of 8. Figure 5 shows the computed discrepancy be-
tween translational– rotational and vibrational temperatures in
Kelvin. This quantity is of interest because of the use of vi-
brational Raman temperature measurements as a � ow� eld di-
agnostic. Results in a parallel experimental investigation39,40

indicate an extremely oxygen-rich � ow along the rocket cen-
terline. Thus, results are presented for a mixture ratio of 100.
These data indicate the expected error when measuring vibra-
tional temperature and assuming equilibrium between the vi-
brational and translational modes. According to baseline esti-
mates, the vibrational and translational temperatures should be
within tens of Kelvin throughout the nozzle. Nonequilibrium
effects are thus predicted to be relatively minor for the slowly
expanding diagnostic rocket chamber.

Considerable uncertainty exists in the vibrational relaxation
time of oxygen in some of the various bath gases. The derived
relaxation times utilized should only be considered order of
magnitude estimates. Thus, Fig. 5 also includes the range of
temperature difference between vibrational and translational–
rotational modes for the derived relaxation time scaled up and
down by an order of magnitude. This is also instructive in light
of the ambiguities concerning both mixing effectiveness and
possible anharmonic effects. The resulting range in computed
temperature difference is very large, ranging from near equi-
librium to discrepancies of hundreds of Kelvin at the rocket
exit. While baseline estimates indicate that vibrational mea-
surements should be valid, cognizance of the limitations of the

relaxation rate data prohibits the assumption of equilibrium in
the nozzle. The sharp initial development of nonequilibrium in
the near-throat region is not followed by a return to equilib-
rium for the slower relaxation bound. Energy transfer is of
suf� ciently low probability that the degree of nonequilibrium
increases monotonically throughout the rocket nozzle.

Conical Nozzle

Results for a 30-deg conical nozzle are now presented to
illustrate the possible magnitude of inef� ciency for a typical
thruster as a function of mixture ratio and area ratio, for the
same stagnation temperature and pressure as examined with
the rectangular chamber. A parabolic throat is mated to a con-
ical nozzle for these simulations. Figure 6 shows the discrep-
ancy between translational and vibrational temperatures. The
discrepancy is larger than for the rectangular chamber at a
given area ratio except in the throat region, where the sharp
cornered nozzle considered previously provided an extremely
rapid initial expansion. Large differences exist between vibra-
tional and translational temperatures in the downstream region.
Increasing oxygen concentration at higher MR � ows results in
more severe nonequilibrium.

In Fig. 7, the computed nonequilibrium temperature, pres-
sure, density, and velocity are shown as a percentage of their
respective equilibrium values for MR = 100. While the losses
are perhaps an order of magnitude larger than present in the
slowly expanding rectangular chamber, they are still rather mi-
nor, with a 1.5% decrease in static pressure and translational
temperature at maximum. Velocity loss is only expected to be
of the order of 0.5% at the rocket exit relative to an equilib-
rium expansion. It is interesting to note the differences be-
tween the conical nozzle nonequilibrium � ow� eld and that of
the rectangular chamber. The smooth parabolic throat contour
of the 30-deg rocket nozzle allows more time for the vibra-
tional energy to adjust to � ow� eld conditions during the initial
period of rapidly dropping thermal energy. The overall more
rapid expansion of the conical rocket nozzle leads to more
signi� cant nonequilibrium effects further down the nozzle,
however. While the effects of nonequilibrium are more signif-
icant than for the slowly expanding rectangular chamber, ef-
fects are still much smaller than in an expanding diatomic gas
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due to the rapid relaxation paths provided by the combustion
products.

The return to equilibrium of � ow� eld properties occurs with
the release of excess vibrational energy to the other modes.
The discrepancy between vibrational energy content and the
equilibrium value is indicated by the temperature and pressure
curves. During the initial rapid expansion, rapidly increasing
nonequilibrium removes internal energy from the � ow, thus
increasing the discrepancy between equilibrium temperature
and pressure values and the corresponding nonequilibrium
� ow� eld properties. After the vibrational relaxation rate
catches up to the rate of change of internal energy, temperature
and pressure begin to return to equilibrium. Temperature and
pressure do not return at the same rate, however, preventing
the restoration of velocity and density to equilibrium values.

As noted, there is considerable uncertainty in the relaxation
time of molecular oxygen in several of the bath gases, most
importantly water vapor. The most severe nonequilibrium ef-
fects are expected in the conical rocket nozzle with a oxidizer-
rich environment. Increasing relaxation time by a factor of 10
results in nonequilibrium pro� les similar to those shown in
Fig. 7, but with larger departures from the equilibrium values.
Temperature and static pressure drop to approximately 92% of
their equilibrium values before the rocket nozzle exit is
reached. There is a 2% drop in velocity at the nozzle exit,
which would proportionately impact thrust. However, there are
mitigating factors affecting conclusions regarding adverse per-
formance effects. First, this worst-case scenario only exists on
the rocket centerline. Progressing from the engine centerline
to the outer wall, a radially varying mixture ratio is expected.
Moving toward the hydrogen cooling layer, a progressively
more fuel-rich mixture is encountered. This will decrease non-
equilibrium by decreasing overall oxygen concentration and
by reducing the relaxation time of that present. However, the
attendant rise in temperature will increase vibrational energy,
offsetting the decrease caused by reduction in number density.
Actual performance effects would have to integrate the non-
equilibrium � ow� eld impact across the nozzle exit. Noting that
effects are relatively minor except for in the most severe cases
of poor mixing, it is likely that the performance losses caused
by vibrational nonequilibrium can be considered negligible.
However, the relatively large discrepancy between vibrational
and translational– rotational temperatures could result in large
error in temperature determinations based upon vibrational
populations.

The importance of accounting for the minor species in the
� ow, namely O, H2, and H, was brie� y investigated. Results
computed with and without the minor species’ contributions to
relaxation time show that they do indeed affect computed re-
sults signi� cantly. However, their contribution to overall re-
laxation rate lies within the order of magnitude accuracy of
these estimations. Thus, their inclusion is not necessary until
more de� nitive data are developed.

With the limited relaxation rate data available for oxygen in
water vapor, it is dif� cult to make unequivocal statements re-
garding the effect of vibrational nonequilibrium on thrust pro-
duction of H2– O 2 systems. However, it appears likely that
� ow� eld effects are quite small. More generally, it is likely
safe to assume that for any of the conventional chemical sys-
tems where water is a combustion product, vibrational non-
equilibrium is not a signi� cant source of loss. This would be
especially true in systems wherein the well-mixed complete
combustion desired is more closely attained. The ef� cient re-
laxation paths afforded by the water molecule lead to expan-
sions with vibrational modes nearly in equilibrium with kinetic
and rotational energies. Temperature measurements based upon
vibrational Raman spectroscopy in expanding systems, espe-
cially those in an oxidizer-rich area, however, must be viewed
with caution.

Conclusions
A computational code for simulation of nozzle gas � ows in

vibrational nonequilibrium is presented. The code is shown to

reproduce experimentally observed effects of nonequilibrium
on � ow� eld properties. The ratio between compression and
expansion relaxation times for nitrogen is concluded to be sig-
ni� cantly greater than unity at large expansion ratios under
certain conditions. Experimental data indicate that this ratio
cannot always be accurately represented by a single value
throughout the expansion process. Initial nozzle contour can
signi� cantly affect the downstream � ow� eld, depending upon
the degree of nonequilibrium present. Flows with signi� cant
vibrational nonequilibrium can exhibit large drops in trans-
lational– rotational temperature and static pressure, with atten-
dant losses in velocity. Nonequilibrium velocities are predicted
to exceed equilibrium values in the initial expansion process.

Estimates of the vibrational relaxation rates of molecular
oxygen in various gases are applied to a computational anal-
ysis of expanding H2– O 2 combustion products. Because of the
large uncertainty in relaxation time, a wide range of computed
results is seen, from nearly equilibrium to signi� cant non-
equilibrium. For temperature measurements based upon vibra-
tional energy distribution, large errors are possible because of
discrepancies between vibrational and translational tempera-
ture in the rectangular test rocket of interest. For this chamber,
thrust and pressure losses are not signi� cant. For a represen-
tative 30-deg conical nozzle, velocity losses associated with
vibrational nonequilibrium in an oxidizer-rich core � ow are
expected to be between 0– 2% at an area ratio of 32. Static
pressure decreases at the nozzle exit are expected to range
from 0 to 8%. Large discrepancies may exist between vibra-
tional and kinetic temperatures.
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